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ABSTRACT

This paper Studies a new Statistical model, which yields well known weibull and exponential
probability models as a particular case. The estimation of the Parameters has been found by the
method of maximum Likelihood. The application part has been exploited by a numerical illustration
of average maximum temperature (degrees in Celsius) and relative humidity (percentage) averaged
overtenyears(1997-2006) fordistrict Srinager of Kashmir valley withthe help of Software package.
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INTRODUCTION

In the literature, we come across different models e.g., Linear Models, Non-Linear Models,
Regressionanalysis Models, Generalized Linear Models, Generalized Additive Models, Analysis of Variance
Models, Stochastic Models, Simulation Models, Operation Research Models, Catalytic Models, Markov-
based Models etc. Out of large number of methods and tools developed so for analyzing the data the
Statistical modeling 1s the latest innovations Gilchrist warren (1984).Models are considered as the back bone
of modern Statistics and data analysis. There exists a large number of distributions of continuous type [e.g.,
Hogg & Craig; Johnson & Kotz and Lawless J.F.] Since a discrete as well as distribution stands on some
stimulated assumptionsand any variationinthese assumptionsleads toadifferent situation. Itisnatural to
study amodification and revision of a distribution depending upon the nature of change in the situation or
violation of assumptions which giverise to anew class of distributions. In general, it 1S possible to improve the
fit of a distribution by the incorporation of extra parameters or variation in the parameters. Mudholkar et. al.,
(1993,1995) and Bilal et al., (2005) proposed models with the probability density function of Weibull type.
In this paper, we also propose a model as.
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PROPOSED STATISTICAL MODEL

THEOREM 1. For any real numbers ¢, p, 6 and f3, the function

p=1 ) p :
fX(x)=—z-[—0£x;—’Bj aexp—{&;—’[—;} } oo er e e (L)
p,8.a>o0and 20

" = 0, elsewhere
is the probability density function of of the random variable X of continuous type. Where  p, 0,p.ando
are the parameters of the model.
PROOF OF THEOREM 1. To prove fy (x) is a probability density function, following conditions
are to be satisfied:

(i) fy(x)20 and (i) o]fx (x)dx =1

00

Since p, 0 > 0; 0.2 0, B > 0, therefore it follows that fy (x)>0 V' x. Also fy (x) = 0 elsewhere. Hence
f, (x) >0V x, which proves condition (i).
clearly . f ¥ (x)20

Also to establish condition (i), we have

o p-1 p
[;fx (x)dx = J‘g(ﬁx;—ﬁ) aexp —{m;'g} 175 A (7))
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It gives on differentiation, S (———

Hence from (1.2), it follows that
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[ £ (ds= feay=1
24 0
Thus, we have proved that

(i) fy (x)20 forallxand
(ii) L Ty (X)dx =1

i'his completes the proof of Theorem 1.
ESTIMATION OF THE PARAMETERS

There are different methods for estimating the parameters available in the literature eg, the method of
moments, the method of maximum likelihood, the method of Bayesian estimation, the method of least
square, entropy method etc. It is interesting to note that researchers are trying to find out which estimation
method is preferable for the parameter estimation of a particular probability distribution in order to get
reliable estimates of the parameters.
The Maximum Likelihood is the most efficient and most preferred method for estimating the parameters but,
sometimes, it involves complicated forms of Maximum Likelihood equations which are difficult to solve for
Maximum Likelihood Estimators. In such case, some other efficient estimators are to be find out. I this
section, we will study the Maximum Likelihood Method for estimating the parameters of the model (12) as
follows:

Consider a random sample x;, X, ..., x, of size n from the population (1.2). Then, the likelihood Function L
is given by

n

L=]]7x)

i=]

=H P_[M]p'l_a.exp -{(_U_‘t'_t@lp
. , 0 J

Therefore

LogL = ilog p- iloge +i(p - l)[log(m‘. +P) - log 0]
i=1 il i=l

n R P
+ Zloga- {—~—-(m"9+ P )}

i=|

The likelihood equation for the estimation of the parameters , p, @ ,o and f, will be as
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) —LogL =0 .. . (2.1)
dp

n

Z—+i((mg(mf+,ﬁ)-mge>=o

i=] i=l

iiivi.ﬂog{gx%ﬁ} =0... ... (22)

=1 P =
aag LogL=0 .. (2.3)
~Z—-——zp Z—*p(é) " axi + B)" 0.,

g o (@it f)=0. (2.4)
a?g LogL=0 . .. ... (25)
Z (I TR oxi+ )71

oy 01 ~=0.. (26
Z (i+f) B S (ai+ ) f p{ ¢ } ¢ 029
g%amL=omm”“ (27)
n ~ S 1 (oxi+ f3
2P (om+ﬁ) Z(axwﬁ) ga_p{ v } 7Y

Eat:matmn of the parameters p,@ f,and¢: are obtained for solving equations
(22),(24),(2.6) and (2.8).(eg Rao,CR)

DERIVATION OF VARIOUS DISTRIBUTIONS
In fact, a number of well-known distributions follow from the model (1.1) for a suitable choice of the

parameters p, 6 f3,ande . Here we mention only a few
REMARK 3.1. Takinga = 1,p=1and B=0in (1.1), we have

e P () e _[X]
f(x)—g(eJ SXL{ {9} ]

= 0, elsewhere
which is the p.d.fof well-known Weibull Distribution with parameters p(>0)and 8(>0).
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REMARK?:.E.T&I{iﬂQa =1,p=landp

fl)= éﬁxp[

= 0, elsewhere
which s the p.d.f of well-known Exponential Distribution with parameter 6(>0).

)

=1in (1.1), we have
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Similarly as above, many more distributions can be shown as a particular case of the proposed statistical
model (1.1) for a suitable of choice of the parameters

The fitting of two-parameter Weibull distribution

APPLICATION

and exponential distribution on maximum

temperature(degree in Celsius) and relative humidity (%) averaged over ten years(1997-1998 to 2006-

2007) for district Srinager in Kashmir valley has been exploited (Table 1.)

Table 1. Depicting the average maximum temperature (degrees in Celsius) at Srinager

Year | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
1997 32 | i[],S 142 194 225 274 319 291 278 199 137 84
1998 58 109 162 212 254 289 306 296 276 231 164 95
1999 59 107 155 247 260 303 316 299 297 247 154 126
2000 76 102 152 231 291 301 300 296 271 256 172 110
2000 117 137 180 217 284 296 301 302 269 244 155 106
2002 93 9.5 168 206 265 289 305 298 251 233 I8S 100
2003 112 103 137 210 222 300 309 286 269 230 154 10.0
2004 7.1 130 217 207 254 278 294 293 29 206 179 97
2005 75 6.5 147 207 218 293 289 304 293 227 158 99
2006 43 134 160 211 282 276 309 287 259 229 150 84
GM 750 1090 1620 2142 2555 2900 3048 2952 2753 2302 1608 1006

(Source:- Regional Metrological Centre, Srinager; Digest of Statistics(2006-2007).
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Table 2 Depicting the average relative humidity in (percentage) at 1730 hours at
Srinagar

Year | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct| Nov | Dec

1997 67 60 S50 46 46 45 50 58 58 62 61 U0
1998 65 58 51 51 45 45 52 59 54 65 60 67

1999 58 57 46 48 45 46 53 60 55 62 62 66
2000 57 59 48 49 48 47 50 56 59 o4 64 69
2001 58 49 44 47 43 52 56 55 52 55 6l 69
2002 62 60 47 51 4 48 51 60 58 80 53 65
2003 56 62 57 50 51 47 50 60 62 63 62 69
2004 70 52 34 56 46 50 51 55 49 63 U3 4
2005 67 78 61 41 58 4 60 S6 50 56 56 64
20060 79 61 52 42 44 46 54 61 60 61 68 5
GM 63.90 59.60 49.00 48.10 47.00 47.00 52.60 57.80 55.70 63.00 62.00 68.85

(Source:- Regional Metrological Centre, Srinager; Digest of Statistics(2006-2007))

Using Minitab (14 version, http://www.minitab.com) for the analysis of the data.
Distribution Analysis: Maximum temperature

Distribution: Weibull

EstimationMethod: Maximum Likelihood
Table 3 depicting the parameter estimates for maximums temperatures (°C)
Standard 95.0% Normal CI

Parameter Estimate  Error Lower Upper
Shape  1.98815 0.223895 2.48585 3.36687
Scale  24.0888 0.764928 21.6979 24.6984

Log-Likelihood = -419.300
Goodness-of-Fit

Anderson-Darling (adjusted) = 3.856
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Table 4 Characteristics of distribution for maximum temperature (°C)

Standard  95.0% Normal CI

Estimate Error Lower Upper
Mean(MTTF) 21.3506 0.704229 19.3051 22.0677
Standard Deviation 11.2203  0.500560 6.82823 8.79564
Median 20.0334 0.757707 18.9627 21.9355
First Quartile(Q1) 15.0491 0.804293 13.5525 16.7110
Third Quartile(Q3)  30.5668 |0.818247 24.3614 27.5709
Interquartile Range(IQR)15.5177 0.709797 0.56161 12.3516

Probability Plot for Max.Temp
Weibull - 95% CI
Complete Data - ML Estimates
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Fig. 1 Probability plot for maximum temperature (°C)

Estimation Method: Mazimum Likelihood
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Table 5 Parameter estimates for relative humidity

Standard 95.0%Normal CI

Parameter Estimate Error Lower Upper
Shape 0.67887 0.444077 5.86282 7.60850
Scale 59.9703 0.869169 58.2907 61.6982
Log-Likelithood= -436.011

Goodness-of-Fit
Anderson-Darling (adjusted)=1.559
Characteristics of Distribution

Table 6 Characteristics and distribution of relative humidity (%)

Standard 95.0% Normal CI
Estimate Error Lower Upper

Mean(MTTF) 55.9602 0.896360 54.2306 57.7449
StandardDeviation 9.82113 0.539879 8.81800 10.9384
Median 6.7680 0.912800 55.0068 58.5855

First Quartile(Q1) 49.7647 1.09424 47.6656 51.9562
Third Quartile(Q3)  62.9761 0.866413 61.3006 64.6973
InterquartileRange(IQR)13.2114 0.779537 11.7685 14.8311

Probability Plot for R/H at 1730 hrs
Weibull - 95% CI
Complete Data - ML Estimates

Table of Statistics

Shape  6.67887
Scale 59.9703
Mean 55.9602
StDev  9.82113
Median  56.7680
IQR 13.2114
Failure 120
Censor 0
AD* 1.559

Percent
= Nw o’
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v 43 B
R/H at 1730 hrs

Fig 2 Probability plot for relative humidity (%)
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Estimation Method: Maximum Likelihood
Distribution: Exponential

Parameter Estimates
Standard 95.0%Normal CI

Parameter Estimate Error Lower Upper
Mean 21.3975 1.95332 17.8920 25.5898
Log-Likelithood= -487.593

Goodness-of-Fit
Anderson-Darling (adjusted) =18.202
Characteristics of Distribution

Table 8 Characteristics of distribution for maximum temperature (°C)

Standard 95.0% Normal CI

Estimate Error Lower Upper
Mean(MTTE) 21.3975 1.95332 17.8920 25.5898
Standard Deviation ~ 21.3975 1.95332 17.8920 25.5898
Median 14.8316 1.35394 12.4018 171375
First Quartile(Q1) 6.15568 0.5619 5.14721 1.36172
Third Quartile(Q3) 29.6632 270787 24.8036 354750
Interquartile Range(IQR) 23.5076 2.14594 19.6564 28.1133
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Probability Plot for Max.Temp
Exponential - 95% CI Complete
Data - ML Estimates
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Fig 3 Probability plot for maximum temperature (°C)

Distribution Analysis: R/H at 1730 hrs
Estimation Method: Maximum Likelthood
Distribution: Exponential

Table 9 Estimates for relative humidity (%)

95.0% Normal CI
Parameter Estimate Lower Upper
Mean 56.1833 5.12881 46.9790 67.1910

Log-Likelihood = -603.434
Goodness-of-Fit

Anderson-Darling (adjusted) = 39.542

Table 10 Characteristcs of distribution for relative humidity (%)

Standard  95.0% Normal CI

Estimate Error Lower Upper
Mean(MTTEF) 56.1833 5.12881 46.9790 67.1910
Standard Deviation ~ 56.1833 5.12881 46.9790 67.1910
Median 38.9433 3.55502 32.5634 46.5733
First Quartile(Q1) 16.1629 147547 13.5150 19.3297
Third Quartile(Q3)  77.8866 7.11004 65.1267 93.1465
Interquartile Range(IQR) 61.7237 5.63458 51.6117 73.8169
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Probability Plot for R/H at 1730 hrs
Exponential - 95% CI

Complete Data - ML Estimates
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Table of Statistics
Mean  56.1833
StDev  56.1833
Median 38.9433
IQR 61.7237
Failure 120
Censor 0
AD* 39.542

Fig 4 Probability plot for relative humidity (%)

The analysis of the data giving summary statistics(i.e mean, median, standard deviation, first quartile,
third quartile, inter quartile range) and parameter estimation (i.e shape and scale) along with the graph of the
probability plot shows that Weibull distribution fits well to the metrological data (i.e maximum temperature
and relative humidity (%)).The estimation of the Statistical parameter particularly Anderson Darling Chi-
Square is minimum through Weibull distribution for maximum temperature and relative humidity and the
model 1s considered to be a good fit.
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